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To interpret density holes in the solar wind, which are nonlinear structures observed by Cluster and Double Star, we propose an 
electrostatic ion fluid model. We derive the Sagdeev potential from the magnetohydrodynamic (MHD) equations and study the 
characteristics of nonlinear structures in our model. The results show that density depletions (or holes) can develop from linear ion 
acoustic waves or ion cyclotron waves in space plasmas when parameters such as Mach number, initial electric field and ratio of 
ion to electron temperature satisfy certain conditions. In our model, the relative density depletion (or density holes) is from 0 to 1, 
and the time duration of density holes is from 2 s to more than 98 s. These are in good agreement with the observations by Cluster 
and Double Star in the solar wind. Our model also shows that the density holes should be accompanied by bipolar electric field 
solitary structures, which have also been observed by Cluster in the solar wind. 
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Nonlinear waves in space plasmas have been observed by 
various satellites, such as S3-3, Viking, Polar, Fast, Geotail 
and Cluster in areas such as the upper ionosphere, auroral 
field lines, magnetopause, magnetosheath and so on [1–7]. 
The Cluster and Double Star satellites recently observed 
plasma density holes upstream of the Earth’s collisionless 
bow shock at apogee distance of about 19 and 13 Earth radii, 
respectively [8]. During six Cluster orbits in 2003 and 2005, 
146 density holes were observed upstream of the Earth’s 
bow shock with a mean duration of 17.9±10.4 seconds and a 
mean relative density depletion of 0.69±0.15. Density holes 
observed on March 2, 2005 by both Cluster and Double Star 
have also been analyzed in detail by Parks et al. [8]. 
Figure 1 shows typical examples of density holes ob-
served by Cluster on March 2, 2005 and March 1, 2003 
from different bow shock crossings near the subsolar region 
[8]. These holes have symmetric shapes with density ele-
vated on both sides or only on one side from the back-
ground density. Density holes have also been observed by 
Cluster C1 and C3 upstream of the Earth’s bow shock with 
mean durations of 32.0±20.2 seconds (for C1) and 27.9± 
13.5 seconds (for C3), and with mean relative density de-
pletions of 10.1±12.2 (for C1) and 7.7±8.1 (for C3). We can 
see that the density dips (the ratio of maximum to minimum) 
can be more than 20 times [9]. 
Various theoretical studies have been proposed to inter-
pret nonlinear waves with different plasma models ranging 
from weakly nonlinear to fully nonlinear theories. Washimi 
and Tanuity [10] did the first study on ion acoustic solitary 
waves using the Kortweg-de Vries (KdV) equation with a 
fluid model. Later, ion acoustic density solitons were stud-
ied using the fully nonlinear Sagdeev potential developed 
by different authors [11–14]. All of the theoretical works 
mentioned above are on ion acoustic solitary waves under 
the special conditions in space plasmas. Wu et al. [15–17] 
proposed a model and obtained analytic solutions of finite-  
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Figure 1  Typical examples of ion density holes observed by Cluster on 
March 2, 2005 with density overshoot on both edges (a) and on March 1, 
2003 with overshoot from the background value on one side (b) [8]. 
amplitude solitary kinetic Alfvén waves. They also theoret-
ically studied solitary kinetic Alfven waves with the two- 
fluid model. The relevant phenomenon in the solar wind has 
been studied by various authors [18–20]. However, so far 
no model has been proposed for the ion density depletion 
structures (density holes) observed by Cluster and Double 
Star in the solar wind region. 
To interpret the density holes observed by Cluster and 
Double Star in the solar wind region, we propose a magne-
tohydrodynamic (MHD) model in which the Sagdeev po-
tential is strictly derived from the MHD equations in mag-
netized plasma for the field-aligned waves. In our model, 
the density depletion as a numeric solution can be obtained 
under a certain plasma condition, and the model results are 
consistent with the Cluster observations. 
1  Theoretical formulism and solution  
We assume that the fluid consists of electrons and ions, and 
that the magnetic field is in the z-direction. The phase ve-
locity vp lies between the electron and ion thermal velocities 
so that the Landau damping can be neglected. The wave 
scale  >> D (D is the Debye radius), so that charge sepa-
ration effects can be neglected and the quasi-neutrality con-
dition may be applied, i.e. n≈ne≈ni. Here n is the particle 
number density, and ne and ni are the electron and ion num-
ber densities, respectively.  
Using cylindrical coordinates and neglecting electron in-
ertia, the MHD equations for the ions can be written as  
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with  
 i ,p nT  (5) 
and 
 i e 0 eexp( ),n n n n e T    (6) 
where p is the thermal pressure, e is the elementary charge, 
 is the electric potential, v is the ion velocity, n0 is the 
background number density, and Ti and Te are the ion and 
electron thermal energy, respectively. After linearizing eqs. 
(1)–(4), we obtain the linear dispersion relation 2(2acs2k2) 
×(2i 2) = 0. Here  is the wave frequency, i=eB0/(mic) 
is the ion cyclotron frequency, cs=(Te/mi)
1/2 is the ion acous-
tic velocity, and a1=Ti/Te is the ratio of the ion and elec-
tron temperatures. The linear dispersion relation shows that 
the disturbances in the linear level are ion acoustic waves 
and ion cyclotron waves. 
We normalized the above eqs. (1)–(6) and shifted to a 
co-moving frame using the variable  
 i( ) ( ) .r zS k r k z t R Z M M            (7) 
Employing the standard algebraic techniques and using the 
boundary conditions N|s=0= 1 and V|s=0= 0, we obtain eq. (8) 
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Here E0 is the initial value of the electric field E. In eqs. 
(7)–(9), the dimensionless quantities are N = n/n0,  = it,  
R = r/i (where i is the ion gyroradius), Z = z/i, V = v/cs,  
 = e/Te and the Mach number M = vp/cs. Also, kz is the 
component of k in the z-direction, and  = 1 for parallel 
propagation. 
From eqs. (8) and (9) we see that there will be solutions 
only for the “Sagdeev potential”  (N) < 0. By analyzing the 
properties of the Sagdeev potential  (N), we can find the 
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solutions for ion density depletion when the plasma param-
eters satisfy the condition 
  2 201 1, 1, 2.ma M E a M G     (10) 
Here, 
    2 2 2exp 1 2 .mG a M a M a M     (11) 
Indeed, if the condition (10) is satisfied, there will be two 
dimensionless particle number densities N1 and N2 obeying 
0<N1<1<N2 and  (N) < 0 for N1<N<N2, where  (N) has 
the properties  (N1)=0,  (N2)=0, ′(N1) < 0 and ′(N2) = 0. 
If so, the profiles of  (N) will be those shown in Figure 2, 
i.e.  (N) is decreasing at N = N1 and has a maximum at N = 
N2. Then, eq. (8) has a solution corresponding to ion density 
depletion. Therefore, eq. (10) is the condition for existence 
of an ion density depletion or density hole. 
Figure 3 plots density structures corresponding to the  (N) 
profiles in Figure 2. Each of these curves shows a density  
 
Figure 2  Sagdeev potential profiles for different parameter values satis-
fying the condition (10) for (a) a/M2 = 10 and E0 = 1/10, (b) a/M
2
 = 11 and 
E0 = 1/11, and (c) a/M
2
 = 12 and E0 = 1/12. 
 
Figure 3  Density depletion structures corresponding to the Sagdeev 
potential profiles in Figure 2. The curves (a), (b) and (c) correspond to the 
curves (a), (b) and (c) in Figure 2, respectively. 
depletion or density hole in the space plasma that satisfies 
the condition (10) in our model. We see that the dip in the 
density depletions increases when both M and E0 increase in 
a particular combination. The density dips in Figure 3 are 
0.356 for curve (a), 0.275 for curve (b), and 0.234 for curve 
(c). Furthermore, the depletions (holes) in Figure 3 also 
have overshoots in density from the background value on 
both edges. The overshoots are about 0.5 for all three deple-
tions but a little different for each case. 
Figures 2 and 3 just give typical examples of the Sagdeev 
potential and the corresponding density depletion structures 
for the condition (10). They show that from our model an 
electrostatic density depletion can exist in geo-space plas-
mas when the plasma parameters, such as Mach number M, 
ion-to-electron temperature ratio a1, and initial electric 
field E0 satisfy the condition (10).  
2  Comparison with observation and discussion 
From our model results, we can obtain the nonlinear density 
structures corresponding to ion density depletions or holes 
when the condition (10) is satisfied. The structures are con-
sistent with the Cluster and Double Star observations. We 
can further compare our model results to the observations. 
In Cluster observations, ion density holes upstream of the 
Earth’s bow shock have relative values from 0.2 to 0.9 with 
duration from 4 to 45 s. The reported ion gyro-frequency 
values and local ion acoustic speeds from that region are 
fgi≈0.08 Hz and 90 km/s, respectively [8]. Density holes in 
the same region have also been observed by Cluster with 
slightly longer durations ranging from 12 to 52 s and larger 
relative density depletions ranging from 0.5 to 0.95 inside 
the holes [9]. If we consider a/M2>1 in our model, then ac-
cording to eq. (9) and condition (10), N1 varies from 0 to 1. 
However, N1 cannot be zero physically or 1 for a depletion. 
Moreover, if we consider S = 2  10 and the observed ion 
gyro-frequency fgi≈0.08 Hz in our model, the time duration 
of the depletion would be from 2 to more than 98 s. There-
fore, our model can also interpret the density depletion and 
hole duration observed by Cluster.  
Some ion holes in the Cluster observation have density 
overshoots from the background value on both edges (Fig-
ure 1(a)), and some have overshoots on one side (Figure 
1(b)) [8]. In our model, all ion holes have overshoots from 
the background value on both edges. Indeed, from Figure 
1(b), if we consider a longer duration or wider structure, it 
seems that the hole from Cluster’s observation on March 1, 
2003 also had a density overshoot from the background 
value on both edges. 
By normalizing eq. (6) we can obtain the electric field as  





  . For example, the electric field 
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corresponding to the density depletion in Figure 3 should be 
a bipolar structure. This is important to understand the 
physical process of the ion density holes. At first, some lin-
ear disturbances gradually develop up to the nonlinear level 
with the gradually developing electric field, which enhances 
the density disturbance. Finally, bipolar electric field struc-
tures (EFSs) are formed as density holes. The bipolar EFSs 
were also observed by Cluster in the solar wind [21,22]. 
Hobara et al. [22] discussed the role of bipolar EFSs. They 
consider that the bipolar EFSs are responsible for the heat-
ing of space plasma and accelerating charged particles near 
the Earth’s bow shock and are isolated electric field pulses 
showing nonlinear behavior in the electric field waveform. 
3  Conclusion  
Density holes have been observed by Cluster and Double 
Star in the solar wind upstream of the Earth’s bow shock. 
The relative density depletion in the holes ranges from 0.2 
to 0.95, and the duration of each hole ranges from 4 to 52 s. 
To interpret the characteristics of the density holes (such as 
the density depletion and its duration), we presented an 
MHD model in a magnetized plasma for the wave propaga-
tion along the magnetic field. We derived the Sagdeev po-
tential from our model equations and obtained ion density 
depletions (holes) under certain plasma conditions. The ion 
density depletion (or hole) can develop from a linear ion 
acoustic wave or ion cyclotron wave in space plasma. The 
results from our model show that the relative density deple-
tion could be from 0 to 1 and that the time duration of the 
density holes can be from 2 to more than 98 s in the solar 
wind. These are consistent with the Cluster observations. 
We can also obtain bipolar electric field structures from our 
model corresponding to ion density depletions.  
Therefore, our MHD model can be used to interpret some 
properties of the ion density holes in the solar wind ob-
served by Cluster and Double Star. However, we should 
note that, in the Cluster observations, the density depletion 
can have a density overshoot from the background on both 
edges or on only one side. In our model, all the density de-
pletions have overshoots from the background on both edg-
es of the hole. However, if we prolong the duration of the 
ion density depletions or holes observed by Cluster in the 
solar wind, the depletions or holes will also have density 
overshoots from the background on both edges. This needs 
to be further studied. 
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